When a towed array of hydrophones is significantly nonlinear due to bending, ordinary linear army beamforming gives a biased estimate of the true source bearing. By processing the array as a sequence of smaller aperture subarrays and then computing the mean of the subarmy bearings, the variation due to bending is reduced and a reasonably precise estimate is obtained if the average bending angle with •spect to the nominal axis is small. The median and mean subarray bearings are analyzed for a theoretical statistical model and are tested using artificial data for various sinusoidal array geometries.
INTRODUCTION
•owed hydrophone arra•rs have been extensively used in underwater acoustics research but have also been used to determine target bearing in certain military appLications. When the tow ship is moving slowly on a straight line, the array is essentially linear and is usually steered by simple delay-and-sum beamforming, which has a left-right ambiguity since the array geometry is linear. This ambiguity is resolved by changing the heading of the tow ship. Changing direction and speed causes the array to bend. For nontrivial tow ship speeds, the array geometry has a srmkel•e pattern which varies over time during the transient (Fig. 1 ). This paper presents a signal-processing technique which mitigates the distortions due to array bending in the estimated bearing angie.
Consider a horizontal "linear" array of K hydrophones which are electronically grouped into J subarrays. Suppose that the small aperture subarrays of adjacent hydrophones have sufficient structural rigidity so that they are approximately linear. Assume that the vertical displacement of the hydrophones is in a constant density strata, and thus the array geometry can be treated as planar (two dimensional). By processing the array as a sequence of smaller aperture subarrays and then computing the mean subarray bearing, the variation due to bending is reduced and a reasonably precise estimate is obtained if the average inclination of the subarray is small Before going into the subarray-processing method, it is necessary to briefly review the statistical model used to develop the optimal array processor. Given a finite record of simultaneous observed sensor outputs, we wish to estimate the bearing of a farfield source of interest which is radiating energy at frequency •o 0. In order to simplify the exposition, assume that the signal received at time t and location x on the array axis is a singlefrequency plane wave ( 
where W is the aperture of the array as measured by the number of wavelengths, X = 2•ro/co0, and This result holds for small K if p goes to infinity, a but it is questionable whether the approximation is good when p is moderate and K small. However, as is shown in Appendix A, the inequality K > 80 -z
provides a useful heuristic to insure that there is sufficient sensor redundancy in an equaLty spaced array so that the wave wilt be detected with probability greater than O. 95.
For incoherent Gaussian noise, the maximum likelihood technique is equivalent to delay-and-sum steering of the array in the direction which maximizes the total power over the observation period, after filtering at
COO. 4
It would be useful here to present a numerical example. Suppose that each subarray has eight hydrophones It is possible to reduce the distortion and degradation due to bending by processing the array as a set of smaller aperture subarrays. In many applications, the array aperture is so large and the sensor redundancy is sufficiently great to produce very narrow beams with high array-processing gain, provided the array is linear, the signal is coherent across the array, and the noise is incoherent. When the array is bending, the idea is to trade off aperture for a reduction in the bending bias in order to obtain a bearing which is not wildly fluctuating over time. A pencil thin beam is not essential in many operational situations. The statistical technique for bearing estimation using subarrays is presented in Sec. I. array processing is inferior to the standard processing if the array is truly Unear. However, for the sinusoidal patterns which were used in the artificial data study which is discussed in Sec. II., the mean • outperformed the whole array estimator •.
I. SUBARRAY PROCESSING
Since we have J independent but noisy estimates of the true 0, we can extract some information about the magnitude of the array nonlinearfry by computing some other statistics using the •t, and we can protest ourselves against some highly spurious subarray bearings.
In contrast to the mean, the median of the •t's is fairly insensitive to large errors in the bearings obtained from some subarrays. s The median is superior to the mean when some of the subarray estimates are poor due to local ambient noise or hydrophone failure. Nonetheless, the mean was generally better than the median in our artificial data runs. However, we used a noise model which was consistent w•th stationary and incoherent Gaussian ambient noise. In a real application, the median is worth looking at. A significant difference between the mean and the median could be due to a second source which is being detected by one part of the array, or it would be due to a malfunction of part of the array. It is not surprising that the four-element subarray gives poorer results than the eight-element configuration when /] = 30 ø. The greater sidelobes of the smaller aperture configuration results in a sidelobe induced variance for targets whose position is near endfire which more than outweighs the greater reduction of the bending deflection due to averaging more smaller subarrays. For the parameters selected ia this experiment, the trade-off between subarray aperture and deflection bias is in favor of the eight element length for e = 30 ø. The theoretical sensitivity of the mean to large deviations would seem to argue in favor of the median-derived estimator. However, the results of the simulations, particularly using the damped sine wave pattern, do not unequivocally •ffirm this sensitivity of the mean.
The choice among subarray size and processing combinations is one which would probably be made in a particular application according to the extent of bending expected and to signal-to-noise ratios anticipated. 
